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Abstract
A binary system of equal corotating Kerr sources is studied after deriving the corresponding 3-parametric asymptotically flat exact
solution. Both sources are apart from each other by means of a massless strut (conical singularity). In the context of black holes,
the analytical functional form of each horizon σ is expressed in terms of arbitrary Komar physical parameters: mass M, angular
momentum J (with parallel spin), and the coordinate distance R. Later on, all the thermodynamical properties related to the horizon
are depicted by concise formulae. Finally, the extreme limit case is obtained as a 2-parametric subclass of Kinnersley-Chitre metric.
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1. Introduction
In the context of exact solutions in general relativity, dynam-
ical scenarios involving two rotating black hole (BH) sources
turn out to be quite difficult to understand, since there are com-
plicated issues regarding physical effects produced by multipo-
lar interactions between sources, as well as the construction of
the exact solution itself. Perhaps this is the main reason which
has been leading us to study frequently stationary axisymmet-
ric spacetimes concerning Kerr-type sources after the double-
Kerr-NUT (DKN) came to light in 1980 [1]. Especially, in
the search of equilibrium configurations (without a supporting
strut), where the notion of treating with BH sources is ruined
due to the presence of ring singularities off the axis [2, 3] which
are associated to its negative mass [4]. The latter situation en-
dorses the idea of making efforts for searching new binary mod-
els describing rotating Kerr (or Kerr-Newman) sources with a
massless strut in between (conical singularity [5, 6]), and pro-
vide novel evidence on their physical properties. Unfortunately
such task remains complicated to perform since the axis condi-
tions in the most general case has not yet been solved until the
present day.
After settling the appropriate Riemann-Hilbert problem,
Varzugin [7] provided various dynamical and thermodynami-
cal aspects related to rotating BH sources. In particular, for
identical BHs with opposite spin (a counterrotating system), he
showed that the interaction force related to the strut, seems to
be equal compared with two identical Schwarzschild BHs [5].
Even more, he derived an explicit formula for the angular ve-
locity at the horizon which led straightforwardly to the corre-
sponding horizon σ in terms of Komar physical parameters [8]:
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the mass M and angular momentum J, and the coordinate dis-
tance R between the centers of the horizons, namely
σ =
√
M2 − J
2
M2
(
R − 2M
R + 2M
)
. (1)
On the other hand, regarding the corotating sector (sources
with aligned spin), Costa et al. [9] improved Varzugin’s work
offering more physical and thermodynamical properties. Nev-
ertheless, those authors delivered only a numerical study of the
solution, since they never obtained a similar expression for the
horizon σ like the aforementioned Eq. (1) for counterrotating
two-body systems. It should be pointed out, that the knowl-
edge of σ as a function of Komar parameters defines in a more
transparent way the whole structure and its geometrical (ther-
modynamical) properties of the spacetime, but it is not trivial to
perform such a task.
The present paper aims at the construction of a 3-parametric
physical model describing a two-body system composed by
identical corotating Kerr sources apart by a massless strut. To
reach our goal, we adopt a suitable parametrization for solv-
ing the axis conditions, and later on, to provide an explicit but
nontrivial formula for the horizon half-length parameter σ in
terms of Komar physical parameters {R,M, J}. In addition, all
the thermodynamical characteristics contained into the Smarr
formula [10] are obtained. Finally, the 2-parametric subclass
of the Kinnersley-Chitre metric [11] concerning to the extreme
limit case is derived and presented in a closed analytical form
by using the Perje´s’ factor structure [12].
2. Three parametric exact solution
It is well-known that Ernst’s formalism [13] reduces station-
ary axisymmetric vacuum spacetimes into a new complex equa-
tion
(E + E¯)(Eρρ + ρ−1Eρ + Ezz) = 2(E2ρ + E2z ), (2)
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where E is the so-called Ernst potential. It follows that any
solution of Eq. (2) permits us to derive the metric functions f ,
ω, and γ of the line element [14]
ds2 = f −1
[
e2γ(dρ2 + dz2) + ρ2dϕ2
]
− f (dt − ωdϕ)2, (3)
after solving the following set of differential equations:
f = Re(E),
ωρ = −4ρ(E + E¯)−2Im(Ez),
ωz = 4ρ(E + E¯)−2Im(Eρ),
γρ = ρ(E + E¯)−2
(
EρE¯ρ − EzE¯z
)
,
γz = 2ρ(E + E¯)−2Re(Eρ E¯z).
(4)
In the above description the bar over a symbol refers to a
complex conjugation, while a subscript z or ρ defines partial
differentiation. Then, to solve the non-linear Eq. (2) and de-
scribe a binary system of Kerr sources, it can be used the
well-known Sibgatullin’s method (SM) [15] which takes the
axis data and allows us to construct the Ernst potential E(ρ, z)
in the entire spacetime. In this context, the extended DKN
problem [1] is performed directly by using the last formulas
of [16], with N = 2, and after eliminating the electromag-
netic field (Φ = 0). In fact, the full metric contains into the
set {αn, β j} eight algebraic parameters, where n = 1, 4 and
j = 1, 2. An asymptotically flat exact solution can be car-
ried out settling first the axis conditions. The extended DKN
problem within the framework of SM [16] was constructed in
such a way that the metric functions, ω, and γ automatically
satisfy the conditions: ω(ρ = 0, α1 < z < ∞) = 0, and
γ(α1 < z < ∞) = γ(ρ = 0,−∞ < z < α4); it means that an
elementary flatness is established on the upper part of the sym-
metry axis (see Fig. 1). In order to define regularity of the met-
ric we must impose two additional conditions on the remaining
parts of the symmetry axis, namely
ω(ρ = 0, α2 < z < α3) = 0, ω(ρ = 0,−∞ < z < α4) = 0, (5)
thereby one gets a simple representation of these axis condi-
tions given in [17]
Im

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 1 1 1 1
1 ±γ11 ±γ12 γ13 γ14
1 ±γ21 ±γ22 γ23 γ24
0 κ11 κ12 κ13 κ14
0 κ21 κ22 κ23 κ24
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0,
γ jn = (αn − β j)−1 κ jn = (αn − β¯ j)−1.
(6)
The first condition (with + sign) eliminates the gravitomag-
netic monopole (NUT charge) [18] while the second one (with
− sign) ensures that the mass on the middle region does not
contribute to the total ADM mass [19]. Therefore, after solving
these algebraic equations onemakes sure that the total mass and
total angular momentum of the system are the sum of the indi-
vidual components. In this regard, the easiest solution defin-
ing a corotating binary system composed by identical sources
is achieved by establishing the relation β1 + β2 = −2M + 2iq,
and locating the sources on the symmetry axis as shown in Fig.
1. For this particular situation the explicit result of solving the
axis conditions is expressed as
β1,2 = −M + iq ±
√
p + i(δ − 2Mq),
p = R2/4 + δ2/(R2 − 4M2 + 4q2),
δ =
2Mq(R2 − 4M2 + 4q2)
R(R + 2M) + 4q2
,
(7)
where σ defines the half-length of each rod (see Fig. 1), and it
assumes the form
σ =
√
M2 − q2
(
1 − 4M
2(R2 − 4M2 + 4q2)
[R(R + 2M) + 4q2]2
)
. (8)
The Ernst potential and full metric can be worked out easily
leading us to
E = Λ + Γ
Λ − Γ , f =
ΛΛ¯ − ΓΓ¯
(Λ − Γ)(Λ¯ − Γ¯) ,
ω =
2Im
[
(Λ − Γ)(zΓ¯ + G¯)
]
ΛΛ¯ − ΓΓ¯ , e
2γ
=
ΛΛ¯ − ΓΓ¯
256σ4R4κ2or1r2r3r4
,
Λ = 4σ2(p+p−s+s−r1r2 + p¯+ p¯− s¯+ s¯−r3r4)
− R2( p¯+ p¯−s+s−r1r3 + p+p− s¯+ s¯−r2r4)
+ (R2 − 4σ2)( p¯+p− s¯+s−r1r4 + p+ p¯−s+ s¯−r2r3),
Γ = −2iσR{(R − 2σ)Im (p+ p¯−) (s+s−r1 − s¯+ s¯−r4)
+ (R + 2σ)Im (s+ s¯−) (p+p−r2 − p¯+ p¯−r3)},
G = 4σ2 [(R − 2iq)p+p−s+s−r1r2 − (R + 2iq) p¯+ p¯− s¯+ s¯−r3r4]
− 2R2 [(σ − iq) p¯+ p¯−s+s−r1r3 − (σ + iq)p+p− s¯+ s¯−r2r4]
− 2iq(R2 − 4σ2)Re (p+ p¯−s+ s¯−) (r1r4 + r2r3)
− iσR{(R − 2σ)Im(p+ p¯−) [κ¯+s+s−r1 + κ+ s¯+ s¯−r4]
+ (R + 2σ)Im(s+ s¯−)
[
κ−p+p−r2 + κ¯− p¯+ p¯−r3
]},
p± := 2(M2 − q2) − (R ± 2M)σ ± MR + i[q(R − 2σ) ± δ],
s± := 2(M2 − q2) + (R ∓ 2M)σ ∓ MR + i[q(R + 2σ) ∓ δ],
κo := (R
2 − 4σ2)[(R2 − 4M2)(M2 − σ2) + 4q4 + 4Mqδ],
κ± := R ± 2(σ + 2iq),
(9)
with
r1,2 =
√
ρ2 + (z − R/2 ∓ σ)2,
r3,4 =
√
ρ2 + (z + R/2 ∓ σ)2.
(10)
In the above metric Eq. (9) the condition σ2 ≥ 0 describes
BHs, while σ2 < 0 defines hyperextreme sources (relativistic
disks). On the other hand, regarding the spacetime properties
of the solution, it should be observed that the aforementioned
Eq. (9) contains a reflection-symmetric property [20], since the
change z → −z maintains invariant the metric functions f , ω
and γ, while the Ernst potential on the symmetry axis given by
e(z) =
e+
e−
,
e± = z2 ∓ 2(M ± iq)z + 2(M2 − q2) − R2/4 − σ2 ± iδ,
(11)
2
+ii
+
(a) (b) (c)
+ii
Figure 1: Identical Kerr sources on the symmetry axis, with the values α1 =
−α4 = R/2 + σ, α2 = −α3 = R/2 − σ: (a) BH configuration σ2 > 0; (b)
hyperextreme sources if σ → iσ (or σ2 < 0 ); (c) the extreme limit case σ = 0.
satisfies the relation e(z)e¯(−z) = 1.
It is worth mentioning that Eq. (9) is represented by only
three parameters {R,M, q}, where the angular momentum J en-
ters explicitly into the solution bymeans of the real parameter q.
It is computed from Eq. (11) via the Fodor-Hoenselaers-Perje´s
procedure [21]; it reads
J = 2Mq − δ
2
=
Mq[(R + 2M)2 + 4q2]
R(R + 2M) + 4q2
, (12)
and leads us to a cubic equation given by
q3 − J
M
q2 +
(R + 2M)2
4
q − R(R + 2M)J
4M
= 0, (13)
whose explicit real solution is
q =
J
3M
+ a
[√
b2 + a3 − b
]−1/3 − [√b2 + a3 − b]1/3 ,
a :=
(R + 2M)2
12
−
(
J
3M
)2
,
b :=
(
J
3M
) [
(R − M)(R + 2M)
4
+
(
J
3M
)2]
.
(14)
Due to the fact that both BHs are identical, the event horizon
for the upper BH is defined as a null hypersurface H = {−σ ≤
z − R
2
≤ σ, 0 ≤ ϕ ≤ 2pi, ρ → 0}. Therefore, the Komar parame-
ters [8] are obtained through the Tomimatsu’s formulae [22]
M = − 1
8pi
∫
H
ω Im(Ez)dϕdz,
J = − 1
8pi
∫
H
ω
(
1 +
1
2
ω Im(Ez)
)
dϕdz.
(15)
Replacing Eq. (9) into Eq. (15), it can be demonstrated that
M and J represent exactly the mass and angular momentum,
respectively, for each BH. So, there is no cast of doubt that
the event horizon σ given by Eq. (8) is fully depicted by the
physical parameters {R,M, J}. The total mass and total angular
momentum of the system are 2M and 2J respectively.
By putting now our attention to the thermodynamical prop-
erties of the binary system, where each BH fulfills the mass
formula [10]
M =
κS
4pi
+ 2ΩJ = σ + 2ΩJ, (16)
where κ is the surface gravity, S the area of the horizon, and
Ω the angular velocity. The surface gravity κ and the angular
velocity Ω are computed directly via the formulas [22]
κ =
√
−Ω2e−2γH , Ω = 1/ωH , (17)
being γH and ωH the respective values of the metric functions γ
and ω at the horizon. A straightforward calculation leads us to
κ =
σ(R + 2σ)[R(R + 2M) + 4q2]
2M[(R + 2M)2 + 4q2][(R + 2M)(M + σ) − 2q2],
Ω =
J{[R(R + 2M) + 4q2]2 − 4M2(R2 − 4M2 + 4q2)}
2M2(M + σ)[(R + 2M)2 + 4q2]2
.
(18)
In addition, S is obtained from Eq. (16) with aid of Eq. (18),
S =
4piM[(R + 2M)2 + 4q2]
R(R + 2M) + 4q2
×
[
R + 2M − R
2 − 4M2 + 4q2
R + 2σ
]
.
(19)
Another physical property of this two-body configuration is
the interaction force associated with the strut (conical singular-
ity). It can be calculated by means of the formula [6, 23]
F = 1
4
(e−γs − 1)
=
M2[(R + 2M)2 − 4q2]
[R2 − 4M2 + 4q2][(R + 2M)2 + 4q2] ,
(20)
with γs as the metric function γ evaluated on the region of
the strut. At this point we observe already from Eqs. (8)
and (20), the existence of a minimal distance value given by
Rmin = 2
√
M2 − q2, on which both horizons are touching each
other and the interaction force F → ∞. Moreover, such criti-
cal distance implies from Eqs. (12) and (8) that q = J/2M and
σ =
√
M2 − (J/2M)2 respectively, and thus, the minimal inter-
action distance results to be
Rmin = 2σ ≡ 2
√
M2 −
(
J
2M
)2
, (21)
and thereby, at this particular distance arise the following limit
values for κ, S , and Ω, given by
κ =
σ
4M(M + σ)
, S = 16piM(M + σ),
Ω =
J
8M2(M + σ)
.
(22)
On the other hand, if R → ∞ the interaction force vanishes
(F → 0), and q = J/M [see Eq. (12)]. For this case we recover
from Eq. (8) the expression of the horizon for one single Kerr
BH
σ =
√
M2 − J
2
M2
, (23)
3
but now one obtains the following limit values for κ, S , and Ω:
κ =
σ
2M(M + σ)
, S = 8piM(M + σ),
Ω =
J
2M2(M + σ)
.
(24)
Continuing with the analysis, several curves depicting the pa-
rameter q are plotted in Fig. 2 for different values of the angular
momentum. In fact q grows monotonically taking real values
within the range J/2M ≤ q ≤ J/M. On one hand, if we fixed
the angular momentum value in the domain 0 ≤ J ≤ M2, the
condition σ2 ≥ 0 is ensured for all the coordinate distance val-
ues within the interval Rmin ≤ R < ∞. On the other hand,
inside the values M2 < J ≤ 2M2 the domain of R is shortened
between the value Rmin and the one at which the extremality
condition occurs, i.e., σ = 0. These properties can be noticed
in Figs. 3 and 4.
q1.95
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q1.1
q0.2
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M q
J
Figure 2: Typical shapes of q in the non-extreme case, for M = 1, and differ-
ent angular momentum values indicated by the subindex. The minimum value
qmin = J/2M arises at the distance Rmin = 2
√
M2 − (J/2M)2 , while the maxi-
mum value qmax = J/M, if R → ∞.
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Σ
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Figure 3: For fixed mass M = 1 and angular momentum value J = 0.95, the
condition σ2 ≥ 0 is ensured for coordinate distance values running within the
interval 1.760 ≤ R < ∞. The allowed maximum value for σ2 = 0.774, while
the minimum value is σ2 = 0.098; both values are indicated by asymptotes.
It should be pointed out, that the minimal distance value de-
fined by Eq. (21), and therefore, the subsequent analysis lead-
ing to Eq. (22), was first derived numerically by Costa et al. [9].
Such value was named as the merging limit. However, through-
out their work, those authors referred to an unknown function
f˜ ≡ f˜ (R,M, J), which was the key to describe the thermody-
namical aspects of this corotating system. Because we have
been working within the framework of an exact solution we
know already the explicit formula for such function, namely
f˜ =
[R(R + 2M) + 4q2]2 − 4M2(R2 − 4M2 + 4q2)
[(R + 2M)2 + 4q2]2
, (25)
where q is given explicitly in Eq. (14). Thereby, the mystery of
[9] on the explicit form of the function f˜ , has been revealed in
this work. Its typical shape is shown below in Fig. 5.
2 4 6 8 10
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Σ
2
Figure 4: For angular momentum value J = 1.3 and M = 1, the function σ2
oscillates between the values 0.774 and −0.690, respectively. Nevertheless, the
condition σ2 ≥ 0 is ensured into the interval 1.520 ≤ R < 6.914. Conforming
J → 2M2 the interval of R shrinks to zero, since it corresponds to the extreme
limit case.
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Figure 5: The function f˜ is drawn for different values of the angular momentum,
indicated below with a subindex. The starting value for f˜ = 1/4 emerges at
Rmin, while the maximum value f˜ = 1 is reached asymptotically if R → ∞, in
agreement with Ref. [9].
To conclude this section, the conical singularity in between
sources can be removed by establishing the condition F = 0.
In this situation q = R/2 + M > 0, thereby Eq. (8) results to be
σ2 = −R
2(R2 + 6MR + 7M2)
4(R + M)2
≤ 0, (26)
where now the sources represent two disks lying on the equa-
torial plane for M > 0 (see Fig. 1). However, the notion of
treating with subextreme sources is recovered from Eq. (26)
only whether the individual mass turns out to be negative; i.e.,
4
M < 0, therefore, naked singularities appear as ring singulari-
ties off the axis [2, 3]. Additionally, at this particular value for
q, the individual angular momentum arises immediately from
Eq. (12); it reads
J =
M(R + 2M)2
2(R + M)
. (27)
3. Extreme limit case: the Kinnersley-Chitre subfamily
The well-known Kinnersley-Chitre (KCH) 5-parametric ex-
act solution [11] represents the extreme limit of the DKN vac-
uum solution of Kramer and Neugebauer [1]. It was introduced
in terms of the real parameters po, qo, γo, αo, βo, with the first
three parameters satisfying the conditions
p2o + q
2
o = 1, |e−iγo | = 1, (28)
where is used the subscript “o” to avoid any confusion among
qo and q as well as other variables that will be used in what
follows in this paper. Then, in order to develop the extreme
limit case, one requires the extremality condition σ = 0 and a
careful application of l’Hoˆpital’s rule in the full metric Eq. (9).
This task is quite complicated to reach from a technical point
of view, since the metric function ω cannot be expressed in a
simple manner. Fortunately for us, after following Perje´s’ ideas
[12] on the factor structure of the well-known Tomimatsu-Sato
spacetimes [24], the full metric of the extreme solution can be
depicted by four basic polynomial ρo, σo, pio, and τo, leading us
to
E = A − B
A + B
, f =
D
N
, ω =
α(y2 − 1)W
D
,
e2γ =
D
α8(x2 − y2)4 ,
A = α2
[
(α2 − ∆)(x2 − y2)2 + ∆(x4 − 1)
]
+ (q4 + α2M2 − M4 − 2Mqδo)(1 − y4) + 2iαxy
×
{
2[q(∆ − α2) + Mδo](y2 − 1) − α2q(x2 − y2)
}
,
B = 2αx
{
α2M(x2 − y2) − [M∆ + qδo](1 − y2)
}
− 2iy{[Mq(2∆ − α2) + (M2 + q2)δo](1 − y2)
+ α2δo(x
2 − y2)},
D = ρ2o + (x
2 − 1)(y2 − 1)σ2o,
N = D + ρopio − (1 − y2)σoτo,
W = (x2 − 1)σopio − ρoτo,
ρo = α
2[(α2 − ∆)(x2 − y2)2 + ∆(x2 − 1)2]
− (q4 + α2M2 − M4 − 2Mqδo)(y2 − 1)2,
σo = 2α
{
α2q(x2 − y2) + 2[q(α2 − ∆) − Mδo]y2
}
,
pio = 4{αx[M(αx + M)2 + qδo(1 + y2) − Mq2]
− (α2 − ∆)[αMx + 2∆]y2},
τo = (4/α){(2Mq2δo + q(M4 − q4 − α2q2)
+ α[Mq(2∆ − α2) + (M2 + q2)δo]x)(1 − y2)
+ α2δo(2M + αx)(x
2 − y2)},
δo :=
√
∆(∆ − α2), ∆ := M2 − q2, α := R
2
,
(29)
where the aforementioned solution Eq. (29) is written in prolate
spheroidal coordinates (x, y) defined as
x =
r+ + r−
2α
, y =
r+ − r−
2α
, r± =
√
ρ2 + (z ± α)2, (30)
By setting σ = 0, Eq. (29) is characterized by only two pa-
rameters, where the angular momentum of Eq. (12) is explicitly
defined in terms of the mass and coordinate distance as follows:
J =
Mq[(α + M)2 + q2]
α(α + M) + q2
,
3q2 =
[
bo +
√
b2o − a3o
]1/3
+ ao
[
bo +
√
b2o − a3o
]−1/3
− 2
(
α2 − M2 + αM
)
,
ao := (α
2 − M2)(α2 − M2 + 2αM) + 4α2M2,
bo := (α
2 − M2 + αM)3 +
(
9
2
)
α2M2(α2 + 4αM + 5M2),
(31)
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M
Figure 6: Behavior for the parameter q in the extreme case, taking different
values in the mass M denoted by the subscript. The maximum point is located
approximately at (1.6861M, 1.0641M).
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Figure 7: The angular momentum for different mass values denoted in the sub-
script.
but now the parameter q is a function which starts and ends at
the same value M, running from R = 0 until R → ∞. Be-
sides, there exists a maximum value in q ≃ 1.0641M, given at
R ≃ 1.6861M. All these characteristics can be observed in Fig.
6. Moreover, if the extremality condition is achieved, the angu-
lar momentum for the extreme case given by Eq. (31) contains
5
an aspect shown like in Fig. 7. Such behavior of the angular
momentum in the extreme case, was provided first in Ref. [9]
by using numerical methods, since those authors never derived
an explicit formula for the relation J/M2 ≡ f˜ (R,M)−1/2 in terms
of mass M and coordinate distance R.
Lastly, our metric given by Eq. (29) can be identified as a 2-
parametric KCH subfamily member, after doing the following
change in the real parameters of formula (4.30) in Ref. [11]:
αo = γo = 0, βo =
α[q(α2 − M2 + q2) − Mδo]
M4 − q4 − α2q2 + 2Mqδo
,
p2o =
α2(M2 − q2)
M4 − q4 − α2q2 + 2Mqδo
= 1 − q2o,
(32)
where the physical parameters {R,M} enter explicitly inside the
solution, via the parameter q given in Eq. (31).
4. Concluding remarks
We have succeeded in working out the full metric for a two-
body system of identical corotating BHs apart by a massless
strut, as a 3-parametric asymptotically flat exact solution, where
the horizon half-length parameter σ as well as all the thermo-
dynamical features contained into the Smarr mass formula [10]
are explicitly expressed in terms of Komar physical parameters
[8]. All limits provided numerically in Ref. [9] are obtained
analytically in our paper. Furthermore, since the full metric
was constructed by means of a suitable parametrization, it mo-
tivates us for searching new physical models on more sophis-
ticated configurations including the electromagnetic field, not
only for identical cases but also for unequal constituents, like
the one performed in Ref. [25] for unequal counterrotating
Kerr-Newman sources. On the other hand, regarding the co-
alescence process among both Kerr sources, in the absence of
a supporting strut, relativistic disks emerge in the binary model
if the mass of each BH satisfies the condition M > 0. Never-
theless, we observe from Eq. (26) that if R = 0, the merging
process converts the two disks into one extreme source; hence,
there appears a single extreme Kerr BH of mass Mo = 2M and
total angular momentum Jo = 2J. For such a situation, the total
angular momentum and the total mass of the new single BH sat-
isfies the well-known relation for extreme BHs, i.e., Jo = M
2
o .
The last formula is in agreement with the fact that the individual
angular momentum satisfies the relation J = 2M2, after estab-
lishing R = 0 in Eq. (27). 1 Because our solution Eq. (9) might
represent relativistic disks under the change σ → iσ, it would
be interesting to deepen more in this subject in future works
following Bardeen and Wagoner ideas [26].
Owing that our binary model contains a physical
parametrization and takes into account the coalescence
process which forms a single regular black hole without a con-
ical singularity, we strongly believe that it can be considered
as a first step to analyze geodesics around binary BH systems
and future researches regarding gravitational waves (GW)
1The possibility that the individual black holes may violate the Kerr bound
by means of the inequality |J| > M2, was first pointed out by Herdeiro et al., in
identical counterrotating systems [28].
[27], since the quasinormal modes of GW can be also studied
from the physical point of view of free oscillations of unstable
circular null geodesics in the geometric-optics (eikonal) limit
[29, 30].
To conclude, after knowing our current research, in a recent
preprint [31] was correctly pointed out a further simplification
of our metric Eq. (9), which is written down in a more compact
form. To clarify this point, we note from Eq. (9) that terms p±
and s± can be arranged in such a way that
a1 :=
s+
s¯+
, a2 :=
p−
p¯−
, a3 :=
p¯+
p+
, a4 :=
s¯−
s−
, |a j| ≡ 1,
(33)
and because a j satisfy the relations a1 = −a¯4, a2 = −a¯3, the
metric Eq. (9) reduces considerably its aspect as follows:
E = Λ + Γ
Λ − Γ , f =
ΛΛ¯ − ΓΓ¯
(Λ − Γ)(Λ¯ − Γ¯) ,
ω = 4q +
2Im
[
(Λ − Γ)(zΓ¯ + G¯)
]
ΛΛ¯ − ΓΓ¯ , e
2γ
=
ΛΛ¯ − ΓΓ¯
κ2or1r2r3r4
,
Λ = R2(r1 − r2)(r3 − r4) − 4σ2(r1 − r3)(r2 − r4),
Γ = 2σR [(R − 2σ)(r1 − r4) − (R + 2σ)(r2 − r3)] ,
G = 2σR [R(r1r3 − r2r4) − 2σ(r1r2 − r3r4)]
+ σR(R2 − 4σ2)(r1 − r2 − r3 + r4), r j := a jr j,
κo :=
4σ2R2(R2 − 4σ2)
(R2 + 4q2)(σ2 + q2) − 4M4 − 4Mqδ .
(34)
Nonetheless the solving of axis conditions is the main chal-
lenge to study dynamical and physical properties of these con-
figurations. Once we know a specific axis data, the SM provides
the solution in the whole spacetime. We expect to develop in a
future some extensions of the present model including the elec-
tromagnetic field.
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